In 1938, Gini [3] studied a mean having two parameters. Later, many authors studied properties of this mean. It contains as particular cases the famous means such as harmonic, geometric, arithmetic, etc. Also it contains, the power mean of order r and Lehmer mean as particular cases. In this paper we have considered inequalities arising due to Gini-Mean and Heron's mean, and improved them based on the results recently studied by the author [13] .
Gini Mean of order r and s
The Gini [3] mean of order r and s is given by 
In particular when s = 0 in (1), we have 
The expression (2) is famous as mean of order r or power mean. The expression (3) is known as Lehmer mean [4] . Both these means are monotonically increasing in r. Moreover, these two have the following inequality [2] among each other:
Since E r,s = E s,r , the Gini-mean E r,s (a, b) given by (1) is an increasing function in r or s. Using the monotonicity property [1] , [7] , [5] we have the following inequalities: E −3,−2 ≤ E −2,−1 ≤ E −3/2,−1/2 ≤ E −1,0 ≤ E −1/2,0 ≤ E −1/2,1/2 ≤ E 0,1/2 ≤ E 0,1 ≤ E 0,2 or E 1/2,1 ≤ E 1,2 .
Let us write the expression (5) as
where P 1 = E −3,−2 = K −2 , P 2 = E −2,−1 = K −1 , P 3 = E −3/2,−1/2 = K −1/2 , H = E −1,0 = K 0 = B −1 , P 4 = E −1/2,0 = B −1/2 , G = E −1/2,1/2 = K 1/2 = B 0 , N 1 = E 0,1/2 = B 1/2 , A = E 0,1 = K 1 = B 1 , P 5 = E 1/2,1 , B 2 = E 0,2 = S and P 6 = E 1,2 = K 2 .
The means H, G, A and S are the harmonic, geometric, arithmetic and the square-root means respectively. In [10, 12] , the author studied the following inequalities:
where
and
The expression N 3 (a, b) is famous as Heron's mean. Some applications of the inequalities (7) can be seen in [8] , [6] . Combining (6) and (7), we have the following sequence of inequalities:
The expression (8) admits many non-negative differences. Let us write them as follows:
where g tp (x) = f t (x) − f p (x), f t (x) ≥ f p (x), ∀x > 0.
More precisely, the function f : (0, ∞) → R appearing in (9) lead us to the following inequalities:
Equivalently, we have
x(x 2 + 1)
Based on the differences arising due to inequalities (8) written according to (9) , with the property that the functions are convex, the author [13] proved the following sequences of inequalities:
and 1 8 D P 6 P 1 2 13
where, for example, D P 6 N 2 = P 6 − N 2 , D AG = A − G, D P 5 A = P 5 − A, etc.
Notation: Throughout the paper, the notation A ≤ B C is understood as A ≤ B
and A ≤ C, but there is no relation between B and C.
The aim of this paper is to improve the inequalities (8) based on the results appearing in the inequalities (11)-(13).
Refinement Inequalities
The results appearing in the inequalities (11)-(13) lead us to the following two groups of individual inequalities:
Group 1:
3.
4.
5. S ≤ 5P 6 + 2P 4 7 .
6.
7.
11.
12.
14. A ≤ P 5 + 2N 2 3 .
15.
S + 4N 2 5 ≤ A.
S + 3N
17.
18.
19.
S + 3G 4 ≤ N 1 .
20
.
22. S ≤ 5P 6 + 4N 2 9 .
Group 2:
Based on the inequalities appearing in Group 1, we have the theorem giving the refinement of the inequalities appearing in (8).
Theorem 2.1. The following inequalities hold:
Proof. Some of the results appearing in (14) and (15) are either due to Groups 1 and 2 or are obvious. Here we shall prove only those are not obvious.
1. For
: We have to show that 1 28
We can write 7S + 21G
Now we shall show that u 1 (x) ≥ 0, ∀x > 0. Let us consider
Since v 1 (x) ≥ 0 giving u 1 (x) ≥ 0, ∀x > 0, hence proving the required result.
Argument: Let a and b two positive numbers, i.e., a > 0 and
In order to apply the above argument, it is sufficient that a > 0. We have used this argument to prove u 1 (x) ≥ 0, ∀x > 0. We shall use frequently this argument to prove the other parts. : We have to show that 1 12
For
We can write 8N 2 − 5G − 3S = 
Now we shall show that g 2 (x) ≥ 0, ∀x > 0. In order to prove it we shall apply twice the argument given in part 2 of section 3. Let us consider
Let us consider again
hence proving the required result.
3. For
: We have to show that 1 6 (4N 2 − 3G − P 6 ) ≥ 0.
We can write 4N 2 − 3G − P 6 = b g 3 (a/b), where
Now we shall show that u 3 (x) ≥ 0, ∀x > 0. Let us consider
Since v 3 (x) ≥ 0, giving u 3 (x) ≥ 0, ∀x > 0, hence proving the required result. 
We can write 10P 4 + 10P
Now we shall show that u 4 (x) ≥ 0, ∀x > 0. In order to prove it we shall apply twice the argument given in Part 1. Let us consider
where 
The polynomial equation h 4 (t) = 0 of 20 th degree admits 20 solutions. All of them are convex (not written here). This means that there are no real positive solutions of the equation h 4 (t) = 0. Thus we conclude that either h 4 (t) > 0 or h 4 (t) < 0, for all t > 0. In order to check it is sufficient to see for any particular value of h 4 (t), for example when t = 1. This gives h 4 (1) = 135168000, hereby proving that h 4 (t) > 0 for all t > 0, consequently, v 4a (x) ≥ 0, for all x > 0 giving v 4 (x) ≥ 0, for all x > 0. Finally, proving the required result.
We have to show that
We can write 5P 4 + 6P
, where
Now we shall show that u 5 (x) ≥ 0, ∀x > 0. Again in this case also we shall apply twice the argument given in Part 1. Let us consider
Now we shall show that w 5 (x) > 0, ∀x > 0. Let us consider 
The polynomial equation h 5 (t) = 0 of 20 th degree admits 20 solutions. All of them are convex (not written here). This means that there are no real positive solutions of the equation h 5 (t) = 0. Thus we conclude that either h 5 (t) > 0 or h 5 (t) < 0, for all t > 0. Since h 5 (1) = 81395712, this gives that h 17 (t) > 0 for all t > 0, consequently, v 5a (x) ≥ 0, for all x > 0 giving v 5 (x) ≥ 0, for all x > 0. Finally, we have the required result.
: We have to show that 1 30
We can write 13P
,
Now we shall show that u 6 (x) ≥ 0, ∀x > 0. Let us consider
Since v 6 (x) ≥ 0, giving u 6 (x) ≥ 0, ∀x > 0, hence proving the required result.
7. For
: We have to show that
We can write
Since v 7 (x) ≥ 0, giving u 7 (x) ≥ 0, ∀x > 0, hence proving the required result.
We can write 3S
Now we shall show that u 8 (x) ≥ 0, ∀x > 0. Let us consider
Since v 8 (x) ≥ 0, giving u 8 (x) ≥ 0, ∀x > 0, hence proving the required result.
9. For P 4 + P 6 − S ≤
: We have to show that 1 15
We can write 15S + 14N 1 − 14P 6 − 15P 4 = 1 2 b g 9 (a/b), where
Now we shall show that u 9 (x) ≥ 0, ∀x > 0. Let us consider
Since v 9 (x) ≥ 0, giving u 9 (x) ≥ 0, ∀x > 0, hence proving the required result.
We can write 10S + 8N 1 − 9P 6 − 9P 4 = b g 10 (a/b), where
Now we shall show that u 10 (x) ≥ 0, ∀x > 0. Let us consider
Since v 10 (x) ≥ 0, giving u 10 (x) ≥ 0, ∀x > 0, hence proving the required result.
We can write P 6 + 2P 4 − P 5 − 2G = b g 11 (a/b), where
Since g 11 (x) ≥ 0, ∀x > 0, hence proving the required result.
12. For : We have to show that 1 20
Since g 12 (x) ≥ 0, ∀x > 0, hence proving the required result.
13. For
: We have to show that 1 10
We can write 2S + 8N 2 − P 5 − 9N 3 = b g 13 (a/b), where
Now we shall show that u 13 (x) ≥ 0, ∀x > 0. In order to prove it we shall apply twice the argument given in Part 1. Let us consider
11/2 + 50366x 9/2 + 81316x
Since v 13a (x) ≥ 0, giving v 13 (x) ≥ 0, ∀x > 0. This implies that u 13 (x) ≥ 0, ∀x > 0, hence proving the required result.
14. For
: We have to show that 1 20
We can write 5S
b g 14 (a/b), where
Now we shall show that u 14 (x) ≥ 0, ∀x > 0. Let us consider
Since v 14 (x) ≥ 0, giving u 14 (x) ≥ 0, ∀x > 0, hence proving the required result.
15. For
We can write 20S + 10H − 3P 5 − 27N = b g 15 (a/b), where
Now we shall show that u 15 (x) ≥ 0, ∀x > 0. Let us consider
Since v 15 (x) ≥ 0, giving u 15 (x) ≥ 0, ∀x > 0, hence proving the required result.
16. For
: We have to show that 1 40
We can write 40P
b g 16 (a/b), where
Since g 16 (x) ≥ 0, ∀x > 0, hence proving the required result.
17. For
We can write 17A − 8P 6 − 9H = 
Obviously, g 17 (x) > 0, ∀x > 0. This proves the required result.
18. For
: We have to show that 1 70
We can write 45P 5 + 70H + 56S − 56P 4 − 70P 6 − 45P 3 = b g 18 (a/b), where
Now we shall show that u 18 (x) ≥ 0, ∀x > 0. Let us consider
Now we shall show that w 18 (x) > 0, ∀x > 0. Let us consider
The polynomial equation h 18 (t) = 0 of 14 th degree admits 14 solutions. Out of them 12 are convex (not written here) and two of them are real given by −1.566438336 and −0.6383909134. These two real solutions are negative. Since we are working with t > 0, this means that there are no real positive solutions of the equation h 18 (t) = 0. Since, h 18 (1) = 62720, this gives that h 18 (t) > 0, for all t > 0. Thus we have w 18 (x) > 0, for all x > 0 giving v 18 (x) ≥ 0, for all x > 0. Finally, proving the required result.
: Equivalently, we have to show that 1 42
We can write 34P 5 + 42N 2 − 42P 6 − 27P 3 − 7G = 
Now we shall show that u 19 (x) ≥ 0, ∀x > 0. Let us consider
Now we shall show that w 19 (x) > 0, ∀x > 0. Let us consider
The polynomial equation h 19 (t) = 0 of 14 th degree admits 14 solutions. Out of them 12 are convex (not written here) and two are real given by −5.779189781and −0.1730346360. These two real solutions are negative. Since we are working with t > 0, this means that there are no real positive solutions of the equation h 19 (t) = 0. Thus we conclude that either h 19 (t) > 0 or h 19 (t) < 0, for all t > 0. In order to check it is sufficient to see for any particular value of h 19 (t), for example when t = 1. This gives h 19 (1) = 56448, hereby proving that h 19 (t) > 0 for all t > 0, consequently, w 19 (x) > 0, for all x > 0 giving v 19 (x) ≥ 0, for all x > 0. Finally, proving the required result.
: Equivalently, we have to show that 1 6
b g 20 (a/b), where
Now we shall show that u 20 (x) ≥ 0, ∀x > 0. Let us consider
Since v 20 (x) ≥ 0, giving u 20 (x) ≥ 0, ∀x > 0, hence proving the required result.
: Equivalently, we have to show that 1 21
We can write 18P
b g 21 (a/b), where
Now we shall show that u 21 (x) ≥ 0, ∀x > 0. Let us consider
Since v 21 (x) ≥ 0, giving u 21 (x) ≥ 0, ∀x > 0, hence proving the required result. 
We can write 60P 5 + 65P 2 + 52P 4 − 60P 1 − 65H − 52S = b g 22 (a/b), where
Now we shall show that u 22 (x) ≥ 0, ∀x > 0. Let us consider
Thus the positivity of w 22a (x) proves that w 22 (x) > 0, ∀x > 0. This completes the proof of the result.
We can write 16P 4 + 9S − 25G = 
Now we shall show that u 23 (x) ≥ 0, ∀x > 0. Let us consider
Since v 23 (x) ≥ 0, giving u 23 (x) ≥ 0, ∀x > 0, hence proving the required result.
24. For
: We have to show that 1 91
Since u 24 (x) ≥ 0, ∀x > 0, this gives u 24 (x) ≥ 0, ∀x > 0, thereby proving the required result.
25. For
Since v 25 (x) ≥ 0, giving u 25 (x) ≥ 0, ∀x > 0, hence proving the required result.
26. For
≤ S: We have to show that
We can write 7S + 6N
b g 26 (a/b), where
Now we shall show that u 26 (x) ≥ 0, ∀x > 0. Let us consider
Since v 26 (x) ≥ 0, giving u 26 (x) ≥ 0, ∀x > 0, hence proving the required result.
27. For
: We have to show that 1 14
We can write 4P 5 + 3P 6 + 7G − 14N 1 = 1 2 b g 27 (a/b), where
Since g 27 (x) ≥ 0, ∀x > 0, hence proving the required result.
28. For
: We have to show that 1 18
b g 28 (a/b), where
Now we shall show that u 28 (x) ≥ 0, ∀x > 0. Let us consider
Since v 28 (x) ≥ 0, giving u 28 (x) ≥ 0, ∀x > 0, hence proving the required result.
Now we shall show that u 29 (x) ≥ 0, ∀x > 0. Let us consider
Since v 29 (x) ≥ 0, giving u 29 (x) ≥ 0, ∀x > 0, hence proving the required result.
: We have to show that 1 35
We can write 18P 5 + 35P 2 + 42H − 60P 3 − 35G = b g 30 (a/b), where
Since u 30 (x) ≥ 0, ∀x > 0, this gives u 30 (x) ≥ 0, ∀x > 0, thereby proving the required result.
Since u 31 (x) ≥ 0, ∀x > 0, this gives u 31 (x) ≥ 0, ∀x > 0, thereby proving the required result.
32. For A + S − G ≤ 6S + P 2 − 6A: We have to show that 5S + P 2 + G − 7A ≥ 0. We can write 5S + P 2 + G − 7A = 
Now we shall show that u 32 (x) ≥ 0, ∀x > 0. Let us consider
Since v 32 (x) ≥ 0, giving u 32 (x) ≥ 0, ∀x > 0, hence proving the required result.
33. For
We can write 30S + 5P 2 + 6H − 30A − 6P 5 − 5G = b g 33 (a/b), where 
Since v 33 (x) ≥ 0, giving u 33 (x) ≥ 0, ∀x > 0, hence proving the required result.
We can write 6S + P 2 + 2P 4 − G − 8A = b g 34 (a/b), where
Now we shall show that u 34 (x) ≥ 0, ∀x > 0. Let us consider
Since v 34 (x) ≥ 0, giving u 34 (x) ≥ 0, ∀x > 0, hence proving the required result.
35. For 6S + P 2 − 6A ≤
We can write 16P 5 + 9P 1 + 54A − 25P 2 − 54S = b g 35 (a/b), where : We have to show that 1 63
We can write 4P 5 + 63P 1 + 108P 3 − 175P 2 = b g 36 (a/b), where
Since u 36 (x) ≥ 0, ∀x > 0, this gives u 36 (x) ≥ 0, ∀x > 0, thereby proving the required result.
37. For
We have to show that 1 4
We can write 4N 1 − P 6 − 3P 1 = b g 37 (a/b), where
Since g 37 (x) ≥ 0, ∀x > 0, hence proving the required result.
38. For N 1 ≤
We can write P 6 + 3G − 4N 1 = b g 38 (a/b), where
Since g 38 (x) ≥ 0, ∀x > 0, hence proving the required result.
39. For
: Equivalently, we have to show that 1 6 (2S + 10N 1 − 3P 6 − 9G) ≥ 0.
We can write 2S + 10N 1 − 3P 6 − 9G = 
Now we shall show that u 39 (x) ≥ 0, ∀x > 0. Let us consider
Since v 39 (x) ≥ 0, giving u 39 (x) ≥ 0, ∀x > 0, hence proving the required result. 
Since g 40 (x) ≥ 0, ∀x > 0, hence proving the required result.
≤ A: We have to show that
We can write 6A − P 5 − 5N 1 = 
Since g 41 (x) ≥ 0, ∀x > 0, hence proving the required result.
b g 42 (a/b), where
Since g 42 (x) ≥ 0, ∀x > 0, hence proving the required result.
Remark 2.1. The results studied above in 1-42 parts can equivalently be written as:
10.
14.
21. D P 6 N 3 ≥ 1 18 (14D N 2 H + 7D P 5 H ) . 
D P

Connections with Divergence Measures
Let Γ n = P = (p 1 , p 2 , ..., p n ) p i > 0,
be the set of all complete finite discrete probability distributions. For all P, Q ∈ Γ n , the author [10, 11] proved the following inequalities: 
The measures I(P ||Q), J(P ||Q) and T (P ||Q) are the respectively, the well-know Jensen-Shannon divergence, J−divergence and arithmetic and geometric mean divergence. Moreover, D AH (P ||Q) = 1 2 ∆(P ||Q) and D AG (P ||Q) = h(P ||Q), where ∆(P ||Q) and h(P ||Q) are the well-known triangular's and Hellinger's discriminations respectively. These three measures satisfy the following equality: J(P ||Q) = 4 [I(P ||Q) + T (P ||Q)] .
Instead of D (·) (a, b) as given in Section 1, here we are working with the probability distributions P and Q, and writing D (·) (a, b) as D (·) (P ||Q). Recently, author [13] proved the following inequalities: Thus the non-negativity of v 43a (x) proves that v 43 (x) ≥ 0, ∀x > 0, thereby proving that u 43 (x) ≥ 0, ∀x > 0. This completes the proof of the result. 
